OPERATIONS ON POLYHEDRAL PRODUCTS AND A NEW 
TOPOLOGICAL CONSTRUCTION OF INFINITE FAMILIES OF TORIC 

MANIFOLDS 



A. BAHRI, M. BENDERSKY, F. R. COHEN, AND S. GITLER 

Abstract. A combinatorial construction is used to analyze the properties of polyhedral 
products and generalized moment-angle complexes with respect to certain operations on 
CW pairs including exponentiation. This allows for the construction of infinite families of 
toric manifolds in a way which simplifies the combinatorial input and consequently, the 
presentation of the cohomology rings. A noteworthy example, described in Section [5l re- 
covers the cohomology ring of every complex projective space from the information in a 
one-dimensional fan. Various applications of the ideas introduced here have appeared al- 
ready in the literature. 
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1. Introduction 

The polyhedral product Z(K; (2L,A)) is a CW-complex valued functor of two variables: 
the first, an abstract simplicial complex K on m vertices and the second, a family of (based) 
CW pairs 

(2L,A) = {(X l ,A 1 ),(X 2 ,A 2 ),...,(X m ,A m )}. 

m 

It is defined as a union of products inside Yl Xi each parameterized by a simplex in K. 

Polyhedral products generalize the spaces called moment-angle complexes which were de- 
veloped first by Buchstaber and Panov in [5] and correspond to the case (Xi, Ai) = (D 2 , S 1 ), 
% = 1, 2, . . . , m. 

A part of this paper is devoted to an analysis of the properties of the polyhedral product 
functor with respect to an operation which associates to a simplicial complex K and a 
sequence of positive integers J = (ji, j 2 , ■ ■ ■ ,j m ), a new and larger simplicial complex K(J). 
A key result, Theorem 17. 2\ relates this construction to the exponentiation operation on CW 
pairs. This result has unexpected consequences for the case 

(X,A) = (D 2J ,S 2J ~ 1 ) = {{D 2 i\S 2 ^- l )}™ =l 

corresponding to the polyhedral products which are called now generalized moment-angle 
complexes. The application links these spaces to the study of toric manifolds in a novel way. 
This is illustrated by the construction of every projective space from the fan information for 
the first one CP 1 . 

For the much studied case (X u Ai) = (D 1 , S°), i = 1,2,..., m, there is the surprising 
observation in Section [7] that every moment-angle complex Z(K; (D 2 ^ 1 )) can be realized 
as Z{K(J); (D 1 , S )) for J = (2,2, ... ,2). So, in a certain sense, the "real" moment-angle 
complex is the more basic object. 

In the context of toric manifolds over a simple polytope P n , with dual bounding simplicial 
complex K = dP n , the spaces Z(dP n ; (D 2 , S 1 )) and Z(dP n ; (D\S )) were introduced by 
Davis and Januszkiewicz in [7]. They used the latter to construct spaces known as small 
covers, the subject of considerable current investigation. 

To describe the ideas further, recall that a toric manifold M 2n is a manifold covered by 
local charts C n , each with the standard action of a real n-dimensional torus T n , compatible 
in such a way that the quotient M 2n /T n has the structure of a simple polytope P n . Under 
the T n action, each copy of C n must project to an R™ neighborhood of a vertex of P n . 

The fundamental construction of Davis and Januszkiewicz [3 Section 1.5], realizes all toric 
manifolds and in particular, all smooth projective toric varieties. From this construction it 
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follows that M 2n can be realized as the quotient of an (m + n)-dimensional moment- angle 
complex by the free action of a certain real (m — n)-dimensional torus T m_n C T m . This 
subtorus is specified usually by a characteristic map A. 

Beginning with a toric manifold M 2n , its associated m faceted simple polytope P n and 
characteristic map A, an infinite family of new toric manifolds M(J) is constructed, one for 
each sequence of positive integers J = (ji, J2, • • • ,jm)- The manifolds M(J) are determined 
by a new polytope P(J) and a new characteristic map A(J). The unexpected outcome here 
(Theorem 14. 2p . is that the integral cohomology ring of M(J) is described completely in 
terms of the original map A and the original polytope P n . The manifolds M(J) are a rich 
new class of toric manifolds which come equipped with a complete fan, (where appropriate), 
combinatorial and topological information. These spaces are a new, systematic infinite family 
of toric manifolds which have tractable as well as natural properties. . 

In Section [91 the construction and properties of these manifolds M(J) are analyzed in the 
context of generalized moment-angle complexes. As above, to the polytope P n is associated 
its dual complex K and a generalized moment-angle complex Z[K\ (P 2J , S 2J_1 )) and, to 
P(J), which happens to have dual complex K(J), is associated the moment-angle complex 
Z\K{ J); (P 2 , S* 1 )) . The central result which here connects the construction K(J) to the 
study of toric manifolds is the following. 

Theorem 7.5. There is an action ofT m on bothZ(K; (P 2J ,iS 2J_1 )) andZ(K(J); (D^S 1 )), 
with respect to which they are equivariantly diffeomorphic. 

In describing the new manifolds M(J), diffeomorphisms, (Theorems 17.51 and \9.2L 

Z^ijy^D^S 1 ))/^"" 1 — ► Af(J) Z(K; {D 2J ',S 2J - 1 )) /T m ~ n , 

mirror geometrically the reduction in combinatorial complexity from the pair (A(J), P(J)) 
to the pair (A,P 2n ). Significant in the theory of toric manifolds is the role played by the 
Davis- Januszkiewicz spaces. These are homotopy equivalent to polyhedral products of the 
form Z(K; (CP 00 ,*)). Key in the theory which is developed here, are related spaces, de- 
noted by Z{K\ (CP 00 , CP 7-1 )). They substitute for the usual Davis- Januszkiewicz spaces 
Z(K(J); (CP 00 , *)). Their properties and relationship to the manifolds M(J) are discussed 
in Theorems 110.51 and 1 1 1 . 1 1 In contrast to the cohomology of the Davis- Januszkiewicz spaces, 
these spaces have integral cohomology rings which are monomial ideal rings but the mono- 
mials are not necessarily square-free. 
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The construction of the toric manifolds M(J) leads to the idea of nests which is discussed 
in the final section. The most obvious example is given by the projective spaces 

CP 1 c CP 2 c • ■ ■ c CP k c - • • 

a nest of codimension-two embeddings each with normal bundle the canonical line bundle 
over CP k . An ordering exists on on sequences J = j 2 ■ ■ ■ ,j m ) and L = (7 1; l 2 , . . . , l m ) 
so that if J < L there is a natural embedding M(J) — > M(L). Moreover, the normal 
bundle of the embedding is a sum of canonical complex line bundles determined by the two 
sequences L and J. 

Remark. Unless indicated otherwise, all cohomology rings throughout are considered to be 
with integral coefficients. 

The intersections of certain quadrics are known to be diffeomorphic to moment-angle man- 
ifolds, [3], [11] and implicitly in [5, Construction 3.1.8]. After a first draft of this article was 
written in 2008, the authors learned of the work of S. Lopez de Medrano on the intersections 
of quadrics, [13], [13]. Results in [13] depend on the consequences of a doubling of variables 
and a duplication of coefficients in the defining equations; this translates into an instance of 
our general construction. 

Following lectures by the authors on the material contained in this paper, several applica- 
tions of the ideas have appeared both in the literature and in preprint form. These include 

m, m ma ^ m- 
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2. The simplicial wedge construction 

Let K be a simplicial complex of dimension n — 1 on vertices {i>i, v 2 , . . . , v m } and let 
J = (ji, j 2 , ■ ■ ■ ,j m ) be a sequence of positive integers. 

Definition 2.1. A non-face of a simplicial complex K is a simplex r whose vertices are in 
K but the simplex itself is not. It is minimal if K contains any proper face of r. Let K be 
as above. Denote by K(J) the simplicial complex on vertices 

{ ^11,^12, • • • ,Vi h ,V 2 l,V 2 2, ■ ■ ■ ,V 2 j 2 , ■ ■ - ,V ml ,V m2 , . . .,V mjm } 

V v ' N v ' N v ' 

with the property that 

{ v hli Vi l2 , . • • , , V j 2 i, fj 2 2, • • • , Vi 2 ji 2 5 • • • 5 ^ifcl) ^2) • • • j v ikji k } 

* » ' V v ' V v ' 

is a minimal non-face of K(J) if and only if {fj 1? fj 2 , . . . ,Vi k } is a minimal non-face of K. 
Moreover, all minimal non-faces of K(J) have this form. 

An alternative construction of the simplicial complex K(J) will reveal the fact that K(J) 
is the boundary complex of a simple polytope P(J) if K is the boundary complex of a simple 
polytope P n . Recall that for a G K, the link of a in k, is the set 

link^o- := {r G K : a U r G K, a H r = 0}. 

The join of two simplicial complexes i^i, fr 2 on disjoint vertex sets Si and S 2 respectively 
is given by 

Ki * K 2 := {a C S 1 U S 2 : a = o x U a 2 , a± G K ± , a 2 G -Re- 
construction 2.2. As above, let K be the simplicial complex on vertices {vi,v 2 , • • • ,^ m }- 
Choose a fixed vertex in and consider A 1 = {{t>ii}, {^2}, {^a, ^2}}, the simplicial 
complex which is a one-simplex. Define a new simplicial complex K(vi) onm + 1 vertices by 

(2.1) K(vi) := K,^ 2 }*hnk K {^} u {{««},{*>«}} \ M)- 

The vertex t>j does not appear in the vertex set of K(vi). The vertices of K{vi), other than 
vn and Vi 2 , are re-labelled by setting Vk = ffci ii k ^ i. So, the new vertex set of Kiyi) has 
become 

5 = {v n , . . . , f (i_l)l, Vil, l» i2 , ••■,%!}• 
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Example 2.3. The easiest example is that of K = {vi}, {v 2 } two disjoint points. Here, 
K{yi) has three vertices {1)11,%,%}, linkff{fi} = and K \ {v{\ = v 2 . So (12. ip becomes 

(2.2) {fu,fi 2 }*0 U {{««.}, {««}}* {M = W,fi2} U ({vu,V2i} U {v n ,v 2 i}) 
which is the boundary of a two-simplex. 

In the paper [T5J page 578], this construction is called the simplicial wedge of K on v. Notice 
that if {vi x , Vi 2 , . . . , Vi k } is a minimal non-simplex of K with ij 7^ i for all j, then it remains 
a minimal non-simplex of K(vi). The simplex {^1,^2} becomes part of a simplex 

{v hl ,v i2l , . . . ,v ikl ,v il ,Vi2,Vi {k+1)1 , . . . ,v isl } e {ua,Ui 2 } *linkj<-{ui} C iT(uj) 
if and only if 

{v h ,v i2 , . . .,v ik ,Vi,v ik+1 , . . .,v ia } G K. 

Hence, according to Definition 12. 1[ K(vi) = K(J), where 

J = (l,l,.. .,1,2,1,. ..,1), 

is the m-tuple with 2 appearing in the 2 th spot. According to [151 P a g e 582], K(yi) is dual 
to a simple polytope P{vj) of dimension n + 1 with m + 1 facets if is dual to a simple 
polytope P n of dimension n with m facets. Beginning with J = (1, 1, ... , 1), Construction 
12.21 may be iterated to produce K(J) for any J = (ji, j 2 , . . . , j m ). The induction from 
J = (ji, 32, ■ ■ ■ , jm) to J' = (j 1 ,j 2 ,---,ji-i,ji + l,ji+i,---,jm), necessitates a choice of 
vertex v from among {vn, Vi 2 , . . . , v^} in order to form K(J)(v), as in Construction I2T21 
The fundamental property, described in Definition 12.11 ensures that any choice of v, will 
result in precisely the same minimal non-simplices in K(J)(v) = K(J'). 

The next theorem follows from these observations. Set d(J) — ji + j 2 + ■ ■ ■ + j m - 

Theorem 2.4. Let J = (ji,j 2 , . . . ,j m ) and suppose K is dual to a simple polytope P n having 
m facets. Then K(J) is dual to a simple polytope P{J) of dimension d(J) — in + n having 
d(J) facets. □ 
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This section ends with a simple necessary criterion for a simplicial complex to be in the 
image of the simplicial wedge construction. The condition follows immediately from the 
definition of the construction 

Remark. If a simplicial complex K' exists satisfying, K = K'(v) for some {v } 6 K', then K 
must contain vertices V\ and v 2 satisfying: 

(1) the one-simplex {vi,v 2 } € K and 

(2) interchanging v\ and v 2 is a simplicial automorphism of K. 



3. New toric manifolds made from a given one 

As described in the Introduction, a toric manifold M 2n is a manifold covered by local 
charts C n , each with the standard action of a real n-dimensional torus T n , compatible in 
such a way that the quotient M 2n /T n has the structure of a simple polytope P n . Here, 
"simple" means that P n has the property that at each vertex, exactly n facets intersect. 
Under the T n action, each copy of C n must project to an R™ neighborhood of a vertex of 
P n . The fundamental construction of Davis and Januszkiewicz [TJ Section 1.5] is described 
briefly below. It realizes all toric manifolds and, in particular, all smooth projective toric 
varieties. Let 

3 — {F\, F 2 , . . . , F m } 

denote the set of facets of P n . The fact that P n is simple implies that every codimension-/ 
face F can be written uniquely as 

F = F h n F i2 n • • • n F k 

where the F^. are the facets containing F. Let 
(3.1) A : 3 — >Z n 

be a function into an n-dimensional integer lattice satisfying the condition that whenever 
F = F i± n F i2 n • ■ ■ PI F it then {A(FjJ, A(Fj 2 ), . . . , A(F i; )} span an /-dimensional submodule 
of Z n which is a direct summand. Such a map is called a characteristic function associated 
to P n . Next, regarding IR n as the Lie algebra of T n , the map A is used to associate to 
each codimension-Z face F of P n a rank-Z subgroup Gp C T n . Specifically, writing \{F,i .) = 
(Aii j ,A 2 i J .,...,A n j j .) gives 

_ I ^ e 27rj(Ai i:L ii+Ai i2 t 2 H hAi i; t ; ) e 27rj(A nil ti+A n i 2 t 2 H hA„ i; ti)j ^ T™} 
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where tj6l,i = l,2,...,i. Finally, let p G P n and P(p) be the unique face with p in its 
relative interior. Define an equivalence relation ~on T" x P n by (g,p) ~ (/i, g) if and only 
if p = g and g -1 /;. G — T l . Then 

(3.2) M 2n = M 2n (A) = T n xP n /~ 

is a smooth, closed, connected, 2n-dimensional manifold with T n action induced by left 
translation [7] page 423]. A projection tt: M 2n — > P n onto the polytope is induced from the 
projection T n x P n — > P n . 

Remark. In the cases when M 2n is a projective non-singular toric variety, P n and A encode 
the information in the defining fan. 

Suppose that K is dual to a simple polytope P n having m facets. Recall that the duality 
here is in the sense that the facets of P n correspond to the vertices of K. A set of vertices 
in A' is a simplex if and only if the corresponding facets in P n all intersect. At each vertex 
of a simple polytope P n , exactly n facets intersect. 

A characteristic function A : J — > Z n , assigns an integer vector to each facet of the simple 
polytope P n . It can be considered as an (n x m)-matrix, A: Z m — > Z n , with integer entries 
and columns indexed by the facets of P n . The condition following (13. lft may be interpreted 
as requiring all n x n minors of A, corresponding to the vertices of P n , to be ±1. 

Given A and J = (ji, J2, • • • ,jm) , a new function 

A(J) : Z d(J) — > Z d{J) - m+n 

can be constructed by taking A(J) to be the {(d(J) — m + n) x c?(J)J-matrix described in 
Figure 1 below. In the diagram, the columns of the matrix are indexed by the vertices of 
K(J) and Ik denotes a k x k identity sub-matrix. 

The next theorem constructs an infinite family of toric manifolds "derived" from the 
information in A, P n and J = ■ ■ ■ , j m ). 

Theorem 3.1. If X is a characteristic map for a 2n- dimensional toric manifold M , then 
A(J) is the characteristic map for a toric manifold M(J) of dimension 2d(J) — 2m + 2n. 

Proof. Theorem 12.41 ensures that P(J) is a simple polytope of dimension d(J) — m + n. It 
remains to show that for each vertex of P( J), the corresponding (d(J)—m+n) x [d{J)—m+n) 
minor of A (J) is equal to ±1. 
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Figure 1. The matrix A (J) 
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The proof is by induction. Consider first the case J = (1, 1, . . . , 1, 2, 1, . . . , 1). Corresponding 
to the re-indexing of the vertices of K(J), the facets of P(J) are indexed as follows 

3 {J) — F211 ■ ■ ■ , F(i-i)i, Fa, F i2 , . . . , F ml } 

The matrix A (J) now has the form 

Fml . 

\ 

A^m J 

where A = (Ay) is the original matrix. (Recall that vertices v ^ of K(J) correspond to facets 
F ik of the polytope P(J).) The minors corresponding to the new (n + l)-fold intersections 
of facets, are of two types. 

(1) Those which include columns indexed by both Fn and F i2 . 

(2) Those which include columns indexed by either Fn or F i2 but not both. 

This observation follows from the fact that the simplicial wedge construction ensures that 
each new maximal simplex of K(J) = K(vi) must contain either vn or f i2 . According to the 
discussion following Construction I2.2[ the first type arise from intersections 

(3.3) F h n F i2 n • • • n F ik n f< n F ih+1 n---nF in 

of n facets in P n . In P(J), they give (n + l)-fold intersections 

F hl n F i2l n • • • n F ikl n F a n F i2 n n • • • n F inl . 

The corresponding (n + 1) x {n + 1) minors in the matrix A (J) above are 



^s2 -Til 

/l 

A n 
; 
\p A n i 



^1 

-1 
Ah 

A 



n 1 
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F a 






Fn 




i^i i 


1 





• 


-1 











Ai n • • 


• x ^k 


An 




• • • Ai, n 







• A 

m k 


Am 




• • • A 



Expanding by the first row gives ±1 by ( 13. 3j) . Now (n + l)-fold intersections of facets of the 
second type, which contain Fi2 but not Fn (or vice versa) arise from intersections in P which 
do not involve the facet F^ That is, they are of the form 

(3.4) F h nF i2 n---nF ik nF ik+1 n---nF in , % 3 ^% 

In P(J) the intersection is 

F 12 n F hl n F i2l n • • • n F ikl n F i(fc+1)1 n • • • n F inl , ± %. 

The (n + 1) x [n + 1) minor in A (J) will have the form 



F l2 






1 


•■ 


• 





Aii x • • 


• Aii n 





A • • 


• A 



and so have the value ±1. Finally, (n + l)-fold intersections of facets of the second type, 
which contain Fn but not again arise from intersections of the type 13.41 In P(J) the 
intersection is 

F hl n F i2l n • • • n F lkl n F a n F« (Jk+1)1 n • • • n F inl . 



and the corresponding (n + 1) x (n + 1) minor in A (J) has the form 
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Fiii 


F i k l 


F a 


F 1 


Fi i 





• 


-1 





• 


Ai n • • 


• Mt k 


Mi 


M lk+1 •• 


• Mi 


A • • 


• A 

m k 


^■ni 


A l^+1 ■■ 


• A 



Expansion by the first row gives the n x n minor in A 



Mi k Mi k+1 



A 



Mi k M 



l k+l 



A 



A 



Ulr 



which has the value ±1 because it corresponds to (13. 4p . The inductive step passes from 
the m-tuple J = (ji,j 2 , ■ ■ ■ ,jm) to J' = (ji,j 2 , ■ ■ ■ ,jk-i,jk + 1, jk+i ■ ■ ■ dm) and follows the 
same argument, replacing the characteristic map A in the discussion above with A(J), This 
completes the proof. □ 

Remark 3.2. Work in progress by the authors will show that the manifolds M(J) can be 
obtained alternatively by a reinterpretation and generalization of the Davis- Januszkiewicz 
construction (I3.2p . 

4. The cohomology of the toric manifolds M(J) 

The rows of the matrix A (J) determine an ideal Lmu) generated by linear relations among 
the generators of the Stanley- Reisner ring of K(J). These are given by: 



(4.1) 



vu - v a = 0, t 



KlVll + \i2V21 + • • • + XimVml = 0, % 



, m 



l,...,n 
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Notice that the second set of relations are those corresponding to the linear ideal determined 
by the matrix A. The next result is the Davis- Januszkiewicz, (Danilov-Jurkewicz) theorem, 
[7], for the toric manifold M(J). 

Theorem 4.1. The cohomology ring if*(M(J);Z) is isomorphic to 

%[VU,V 12 , . . . ,V ljl ,V 21 ,V 2 2, ■ ■ ■ ,V 2 j 2 , ... ,V m i,V m2 , . . . ,V mjm ) I (Ir(J) + L M (j)) 

where Ir(j) denotes the Stanley- Reisner ideal for the simplicial complex K(J). □ 

Applying the linear relations (14. Xp and rewriting vn as t>j, allows a significant simplification 
of this description. 

Theorem 4.2. The cohomology ring H*(M(J);Z) is isomorphic to 



Z[vx,v 2 , . . . ,v m ]/(I K + L M ) 

where each has degree two, Lm is the ideal in the Stanley-Reisner ring of K generated by 
the rows of the matrix A and l J K is the ideal of relations generated by all monomials of the 
form 

(4.2) 

corresponding to the minimal non-simplex {fj i; f i2 , . . . ,Vi k } of K. 

Proof. Linear relations (14. ip and the relabeling of Vn as Vi, convert the monomials generating 
Ir(j) into those of (14.21) and, the relations Lm<j) into the relations Lm- □ 

5. The example of complex projective space 

As a toric manifold, CP 1 is constructed from the polytope P 1 = A 1 which is the one- 
simplex. The dual simplicial complex is K = {{vi}, {^2}} consisting of two disjoint vertices. 
Here, m = 2 and n = 1. The characteristic matrix A: 1? — > Z is the matrix 



A = (-1 1 
which corresponds to the one-dimensional fan 
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/ 



k-l 



-1 0\ 

; 



-1 1/ 



which corresponds to the characteristic function (indeed, fan) of the complex projective space 
CP k . Recall now that the Stanley-Reisner ring of the simplicial complex K = {{i>i}, {t^}} 
is 

%[vi,v 2 ]/ (viv 2 ) 

The description of H*(CP k ;Z) given by Theorem 14.21 becomes 

Z[«i,v 2 ]/ ((viV 2 ),v 1 = v 2 ) 

which translates into if*(CP fc ;Z) = Ti[v]/v k+1 , as expected. This is to be compared with 
the usual calculation from the Danilov- Jurkewicz theorem, (Theorem 14. 1 1) which is 

H*(CP k ; Z) = Z[vi,v 2 , . . .,v k +i] I ((viv 2 ■ ••v k+ i),vi =v 2 = ... = v k+1 ). 

Remark. Notice that taking J = (ji,j 2 ), satisfying ji + j 2 — k + 1, yields CP 1 (J) = CP k 
also. 

6. Polyhedral products 
Let K be a simplicial complex with m vertices and let (X, A) denote a family of CW pairs 

(X 1 ,A 1 ),(X 2 ,A 2 ),...,(X m ,A m ). 



When all the pairs (JQ, A4) are the same pair (X, A), the family (X, A) is written simply as 
(X, A). A polyhedral product, is a topological space 

m 

Z(K;(X,A)) Cj]!,, 
i=i 
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(6.1) D(cr) = Y[W i , where 



i=l 



Xj if i G cr 

if i 6 [m] — cr. 



Here, the colimit is a union given by 

Z(K;(X,A)) = (jD(a). 

<t£K 

Detailed background information about polyhedral products may be found in [5], [6], pQ, [2] 
(and in the unpublished notes of N. Strickland). 

The family of CW-pairs (X, A) to be investigated here, is specified by the sequence of 
positive integers J = (ji, . . . ,j m ) an d is given by 

(6.2) (X,A) = {D 2J ,S 2J - 1 ) = {(D^^S 2 ^- 1 )}^ 

(Presently, it will become necessary to consider the discs D 2 ^ as embedded naturally in C\) 
If J = (1, 1, ... , 1), the space Z(K; (-D 2J , iS 2J_1 )) is an ordinary moment-angle complex and 
is written Z(K; (D 2 , S 1 )). 

The spaces Z(K; {D^ J , S 2J ^ 1 )) all have the property of being stably wedge equivalent. 

Definition 6.1. Two spaces X and Y are said to be stably wedge equivalent if there are 
stable homotopy equivalences 

I~IiVl 2 V...VX t and Y ~ Yi V Y 2 V . . . V Y t 

and Xi is stably homotopy equivalent to Y^ for all i = 1, 2, . . . , t. 



The next proposition follows directly from the stable splitting theorems for generalized 
moment-angle complexes of |lj and [2, Corollary 2.24]. 

Proposition 6.2. For all J = (ji, • • • ,j m ), the spaces Z(K; (D_ 2J , >S 2J_1 )) are all stably 
wedge equivalent and moreover, they have isomorphic ungraded cohomology rings. □ 
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7. The simplicial wedge construction and polyhedral products 
Recall that a product of CW pairs is defined by 
(7.1) (X,A) x (Y,B) := (X x Y, (X x 5) U (A x F)). 

The fc-fold iteration (X, A) x ■ ■ • x (X, A) is denoted by (X, A) k . 

Let X be a simplicial complex on m vertices {i>i,i>2, • • • ,f m } and let (X_,A) denote the 
family of CW pairs 

(X 1 ,A 1 ),{X 2 ,A 2 ),...,(X m ,A m ). 



In the light of Definition 12.14 it becomes necessary at this point to introduce a notational 
convention to avoid expressions becoming too unwieldy. 

Convention. Let J = (ji,j 2 , ■ ■ ■ ,j m ) be sequence of positive integers, K(J) as in Definition 
12.11 and the family of pairs (X, A) as above. Denote by Z(K(J); (X, A)) the polyhedral 
product determined by the simplicial complex K(J) and the family of pairs obtained from 
(X_, A) by repeating each (Xi,Ai), ji times in sequence. 



Fix % e {1,2,. . . , m} and define a family of CW pairs (Y_, B_) by 

(Y k ,B k ) = 



(X k ,A k ) if k^i 
{X^Aif if k = i. 



Theorem 7.1. The polyhedral product spaces Z(K; (Y_,B)) and Z[K{vi)\ (X, A)) are equiv- 
alent subspaces of W\ x • • • x W m , where 



W k 



X k if k 7^ i 

X k x X k , if k = i. 



Proof. As in Construction 12. 2\ the vertices of K(vj) are 

S = {v u , V a , V i2 , U(i+l)l, • • • , fml}- 

Let cr = {v tl , v t2 , ■ ■ ■ , Vt k } be a maximal simplex in X. If t>j = v ta G a, then -D(cr) is identified 
by the identity map with D(a') C Z(K; (Y_,B_)) where 



d = {vt 1 i,v t2 i,...,v {ts _ 1)1 ,v tsl ,v ts2 ,v its+1)1 ,...,v tkl }. 
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If Vi a, then D(a) is identified by the identity map with D(a[) U D(a' 2 ) C Z(K; (Y,B)), 
where 

o"i = {v tl i,v t2 i, . . . ,v tk i,vn}. 
°2 = {vt 1 i,v t2 i,...,v tk i,Vi 2 }. 

(Here, the vertices may not be in their correct order.) The fact that the wedge construction 
ensures that the maximal simplices a[ and a' 2 exist in K(vj) has been used here. This 
procedure exhausts all maximal simplices in K{vi) and completes the equivalence. □ 

The next iteration of this procedure is slightly more involved but serves to describe all 
iterations. Choose j G {1,2,..., m}. If j ^ i, the new family (Y_, B) is defined by 



(Y k ,B k ) = 



(X k ,A k ) if k^i,j 
(X k ,A k ) 2 if k = i,j. 



In this case, K{yi) is replaced with [K{vi)){vji) and the procedure is exactly as described 
above. The result is that Z(K; (Y_,B_)) and Z ((K(vi))(vji); (2L,£)) are equivalent subspaces 
of Wi x • • • x W m , where 



W k = 

In the case j = i, the new family (Y_,B_) will have 

(Y k ,B k ) = 



X k if k^i,j 

X k x X k , if k — 



(X k ,A k ) if k^i 
(X^Ai) 3 if k = i. 



In this case, K(vi) is replaced with either (K{vi)) (vn) or (K(yij) (vi 2 ). The symmetry of the 
wedge construction ensures that these two simplicial complexes are isomorphic as simplicial 
complexes. The result now is that Z(K; (Y_,B_)) and Z((K(vi))(v n); (2L,A)) are equivalent 
subspaces of W-i x • • • x W m , where 



W k 



X k if k 7^ % 

nLi x k if k = i. 
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The general iteration procedure is now straightforward; the result is recorded in the next 
theorem. 

Theorem 7.2. Let K be a simplicial complex with m vertices and let (X, A) denote a family 
of CW pairs 

{(X 1 ,A 1 ),(X 2 ,A 2 ),...,(X m ,A m )}. 

For J = (ji, j 2 , . . . ,j m ), a sequence of positive integers, define a new family of pairs (Y_, B_)) 
by 

(Y k ,B k ) = (X k ,A k y», fc = l,2,...,m. 

Then, the polyhedral product spaces Z(K; QC,B)) and Z(K(J); (X, A)) are equivalent sub- 
spaces of Xf x Xf x • • • x X^ 1 . □ 

This result is applied to the family where (Xj, Aj) = (D 2 , S 1 ) for alii = 1, 2, . . . , m. In 
this case, 

(Y k ,B k ) = (x k ,A k y* = {(D 2 y\d{(D 2 y*)), 

where 9((D 2 ) Ji ) denotes the boundary of a jj-fold product of two-discs. For this particular 
case, the family (Y_,B) is denoted by 

(B 2J ,dB 2J ) ■= {{D 2 r,d{{D 2 y)}Z v 

Theorem 17.21 implies now the next corollary. 

Corollary 7.3. The generalized moment-angle complex Z{K\ (B 2J , dB )) and the moment- 
angle complex Z[K(J); (D 2 , S 1 )) are equivalent subspaces of 

(D 2 ) jl x (D 2 y 2 x • • • x (D 2 y m = (D 2 ) d(J) . 

Remark. Notice that by considering (_D 2 ) d ( J ) c C d ^ J \ both moment-angle complexes inherit 
an action of the real torus T d ^ with respect to which they are equivariantly equivalent. 

An entirely similar argument shows that taking (Xj, Ai) = (D 1 , S°) for alH = 1, 2, . . . , m and 
J = (2, 2, ... , 2), yields the result that Z(K; (D 1 x D\ d(D l x D 1 )) and Z(K(J); (D\ S )) 
are equivalent subspaces of (-D 1 ) 2 x (D 1 ) 2 x ■ ■ • x (D 1 ) 2 . It follows by the arguments below 
that Z(K; (D 2 , S 1 )) and Z(K(J); (D\ S )) are diffeomorphic. 
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Recall now the family of pairs 

Q}2J £2J-i) described in (E2J). Observe that for the 
corresponding generalized moment-angle complex, there is a natural embedding, 

Z(K; (D 2 - 1 ,^ 2 - 1 - 1 )) C D 2jl x L> 2j2 x ■ ■ ■ x D 2jm 

The next goal is to verify that the generalized moment-angle complexes Z(K; (B 2J , dB 2J )) 
and Z(i^; (,D 2J , 5 2J_1 )) are equivariantly diffeomorphic with respect to various torus actions. 

Let (D 2 )^ C C Jl be embedded in the usual way and choose a standard diffeomorphism 
hi'. (D 2 ) ji — y D 2ji . Define an action of the circle T 1 on D 2ji by 

t ■ hi{Zi, z 2 , . . . , Zj.) = hi(tzi,tZ2, ■ ■ ■ ,tZj.). 
Next, denote the j^-tuple (zi, Z2, ■ ■ ■ , ZjJ by the symbol Zj. and define an action of T m on 

(7-2) (ti,t 2 , ■ ■ ■ ,t m ) ■ (z ji ,z j2 , . . . ,z jm ) = (t 1 z ji ,t 2 z j2 , . . . ,t m z jm ) 

where UZj has the usual meaning (tiZ\,tiZ 2 , ■ ■ ■ jUz^). Notice that this action of T m is a 
restriction of the natural action of the torus T d ^ on (D 2 ) d( - J \ An action of T m is induced 
on D 2jl x D 2 ^ x • ■ ■ x D 2jm by 

(7.3) (tx,t 2 , . . . ,t m ) ■ (hi(z h ), h 2 (z h ),. . . , h m (z jm )) = (h 1 (t 1 z jl ),h 2 (t 2 z h ), h m (t m z jm )). 

The diffeomorphisms hi give rise to a diffeomorphism, equivariant with respect to the Tr- 
action above, 

(7.4) H: (D 2 ) d{J) — y D 2n x D 2n x ■ ■ • x D 2jm 

by H(z h ,z j2 , . . .,z jm ) = (h 1 (z jl ),h 2 {z h ), h m (z jm )). The diffeomorphism H restricts to 
a diffeomorphism of generalized moment-angle complexes. 
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Lemma 7.4. The diffeomorphism H restricts to a diffeomorphism of generalized moment- 
angle complexes Z(K; (B 2J , dB 2J )) and Z(K; (D 2,7 , & 2 " 1 " 1 )), which is equivariant with respect 
to the T m -action defined by fHfy . □ 

Combining this observation with Corollary 17.31 and the remark following it, yields a key 
result. 

Theorem 7.5. There is an action of T m on both Z(K; (D 2J , S 2J ~ 1 )) and Z(K(J);(D 2 , S 1 )) , 
with respect to which they are equivariantly diffeomorphic. □ 

When combined with Theorem 1.8 of j3], this theorem yields an immediate corollary. 

Corollary 7.6. The spaces Z(K; (D 2 , S 1 )) and Z (K(J); (D 2 , S 1 )) have isomorphic ungraded 
cohomology rings. □ 

These results yield an observation about the action of the Steenrod algebra. 

Corollary 7.7. There is an isomorphism of ungraded r Lj2-modules 

H*(Z{K- (D 2 , S 1 )); Z/2) — > H*(Z(K(J); (D 2 , S 1 )); Z/2) 

which commutes with the action of the Steenrod algebra. 

Proof. The Steenrod operations are stable operations and hence the splitting theorem [21 
Theorem 2.21] implies that there is an isomorphism of ungraded Z/2- modules 

H* (Z(K; (D 2 , S 1 )); Z/2) — > H* (Z(K; (D 2J , S 2 " 7 " 1 )); Z/2) 

which commutes with the action of the Steenrod algebra. The result follows from Theorem 

o □ 

Remark. Corollary 17.71 holds equally well for TLjp with p an odd prime. 



8. A GENERALIZATION TO TOPOLOGICAL JOINS 

As usual, let K be a simplicial complex on m vertices and J = j 2 , . . . ,j m ), a sequence 
of positive integers. Consider the family of pairs 

(QX,X) = {{CX^Xi)}^ 



where, each space Xi is a CW complex and CXi denotes the cone on Xj. Applying Theorem 
17.21 to this family of pairs yields an equivalence of polyhedral products 
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(8.1) Z(K; (Yj B)) — > Z(K(J); (CX,X)) 

where {Y k , B k ) = [CX k , X k )*, k = 1, 2, . . . , m. 

The equivalence is as subspaces of (CXiY 1 x {CX2Y 1 x • • ■ x (CX m y m . The next lemma, 
which is well known, is a key ingredient. 

Lemma 8.1. For any finite CW complex X, there is a homeomorphism of pairs 

(C{X * X), X * X) A (CX, X) 2 , 
where * denotes the topological join. 

Proof. Represent a point in C(X * X) by Is, [xi, t, X2)] ■ Define the homeomorphism / by 

f([s,[x 1 ,t,x 2 }]) = ([2s-min{t,l/2},xi],[2s-min{l-t,l/2},x 2 ]) € CX x CX, 

where the cone point is at s = 0. At s — 1, f is the usual homeomorphism 

X * X — > (CX x X) U (X x CX). 

The map / is a continuous bijection between compact Hausdorff spaces and hence is a 
homeomorphism. □ 

Next, define a family of CW pairs by 

( C(*jX ), *jX) := {(C{ X l *X l *---*X i ) , X l *X t *---*X l ) }™ =v 

The map / of Lemma 18.11 iterates easily to produce a homeomorphism of pairs 

(c(x k * x k * • • ■ * x k ), x k * x k * ■ ■ ■ * x k ) \ (cx k , x k y\ 

v v v v ' 

jk 3k 

which extends to a map of families of pairs, 
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( C(*jX ), *jX) -^(Y,B)). 
The results above combine now to give the next theorem. 

Theorem 8.2. There is a homeomorphism of polyhedral products, 

z(k- { C(*jX ), *jX) ) — ► Z(K(J); (CX,X)). 

Proof. The homeomorphism is given by composing the homeomorphism of polyhedral prod- 
ucts induced by fj with the homeomorphism of (18. ip . □ 

9. TORIC MANIFOLDS AND GENERALIZED MOMENT- ANGLE COMPLEXES 

The information in a toric manifold M 2n can be recorded concisely as a triple (P n , A, M 2n ). 
Let K be the simplicial complex dual to the polytope P n . The moment-angle complex 
Z{K\ (D 2 , S 1 )) is a subcomplex of the product of two-discs 

Z(K; (D 2 , S 1 )) C (D 2 ) m c C m . 

As such, it has a natural action of the real m-torus T m . If A satisfies the condition following 
(13. ip . then the kernel of A, a subgroup T m ~ n C T m , acts freely on Z{K\ (D 2 , S 1 )) and the 
quotient is homeomorphic to M 2n , [7\ page 434], and [61 page 86]. The action of T n on M 2n , 
which yields P n as orbit space, is that given by the action of the quotient T m /T m ~ n on 
Z(K;{D 2 ,S x ))/T m - n . 

The freeness of the action of T m ~ n on Z(K; (D 2 , S 1 )) implies a homotopy equivalence of 
Borel spaces 

(9.1) ET m x Tm Z(K- (D 2 , S 1 )) — )• ET n x T n M 2n . 

Moreover, for any simplicial complex K, there is an equivalence ([6]), 
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(9.2) ET m x T m Z(K; (D , S )) Z(K; (CP 00 , *)), 

where the right hand side is a polyhedral product which is a subcomplex of the product space 
(CP°°) m . These spaces are called, (loosely), the Davis- Januszkiewicz spaces associated to 
the simplicial complex K and are denoted by the symbol T>S(K). Also, the cohomology ring 
H*CD3(K);Z) is the Stanley- Reisner ring of the simplicial complex K. The Serre spectral 
sequence of the fibration 

(9.3) M 2n — > ET n x T n M 2n BT n 

yields an entirely topological computation of the ring if*(M;Z). Known as the Davis- 
Januszkiewicz theorem, it generalizes the Danilov-Jurkewicz theorem for projective non- 
singular toric varieties, [7j. Applied to the manifolds M(J), it gives Theorem 14.11 

Given (P n , A, M 2n ), let A( J) be the matrix defined by Figure 1. Choosing a standard basis 
and following [6], the kernel of A, as a sub-torus of T m , is specified by an m x (m — n)-matrix 
S = (sij). Explicitly, it is given by 

k er ^ _ | ( e 2«( S H0iH Mi( m _ n) m -„) e 27ri(s m i0iH M m ( m _„)0 m _„)^ ^ymj 

where <pi G M, % = 1, 2, . . . , m — n. The form of the matrix in Figure 1 reveals the kernel of 
A(J) to be specified by the d(J) x (m — n)-matrix S(J) = (sf k ), where 

(9.4) s J hk = s ik , i = l,2, ...,m, k = 1,2,..., m-n. 

Notice that this description makes explicit the isomorphism 

kerA(J) S T m - n . 

The action of ker A(J) on both Z(K; (D 2J , S 2 ^ 1 )) and Z{K(J); (D 2 , S 1 ))) is via the inclu- 
sions 
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ker A (J) C T m C T d{J \ 

where the first inclusion is determined by the matrix S and (19 .4P ; the second is determined 
by (17.31) . Now, ker A(J) acts freely on Z{K{ J); (D 2 , S 1 )) by Theorem 13.11 and hence on 
Z[K\ (D^ J , S^ J1 )) by Theorem 17.51 which implies also the result following. 

Lemma 9.1. There is a diffeomorphisms of orbit spaces 

Z^ijy^D^S 1 ))) /ker A(J) — ► Z(K; (D 2J , S 2 ^ 1 )) /ker X(J). 

Finally, Theorem 13.11 and the discussion at the beginning of this section imply that M(J) is 
diffeomorphic to Z(K(J); (D 2 , 5* 1 ))) /ker A(J). The main theorem follows now from Lemma 

o 

Theorem 9.2. There is a diffeomorphism 

M(J) — ► Z(K; (^ 2J , i S 2J ~ 1 ))/ker A(J). 



10. The analogue of the Davis- Januszkiewicz space 

The fibration ( 19. 3p is used in the standard theory to exhibit H*(M 2n ; Z) as a quotient of the 
cohomology of the Davis- Januszkiewicz space. In its various guises, this space is 

V3{K):= ET n x Tn M 2n ~ ET m x T m Z(K; (D 2 , S 1 )) ~ (CP 00 , *)). 

The recognition of M(J) as the quotient Z(K(J); (D 2 , S 1 )) /ker A( J), yields the cohomology 
calculation in Theorem 14.11 To get the more concise calculation afforded by Theorem I4.2[ 
the description of M(J) given by Theorem 19.21 is used instead. So, an appropriate analogue 
of the space T>d(K) is needed. 

Define a family of CW pairs by 

(CP 00 , CP' 7 " 1 ) := {(CP 00 , CP- 51 - 1 ), . . . , (CP°°, CP^"- 1 )} 



and consider the polyhedral product 
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Z(K; (CP^XP^ 1 )) C (CP°°) m = BT m . 
Theorem 10.1. There is a homotopy equivalence 

ET m x Tm Z(K- (D 2J , S_ 2J ^ 1 )) Z(K; (CP 00 , CP 7 ' 1 )), 
making the diagram following commute: 

ET m x Tm Z{K; (Z2 2J ,^ 2J_1 )) — Z(K; (CP 00 ,CP J ~ 1 )). 

Pi i 

Proof. For the pair (X,A) = (P 2J , S 2,7 " 1 ), consider P(cx) as in (KT§ . The action of T m 
leaves D(a) invariant, so 

ET m x Tm Z{K\ {D^,^- 1 )) = ET m x T ™ ( U aeK D(a)) = (J PT m x Tm P(a). 

The torus T m acts diagonally, so it suffices to observe that 

ET 1 x T i D 2jk ~ CP 00 and PT 1 x T i S 2 ^ 1 ~ CP A_1 , 

which follows because P 2:,fe is contractible and T 1 acts freely on S 23k . So, the Borel 
construction converts D(a) for the family of pairs (D 2J ,S 2J - 1 ) into £>(<r) for the family of 
pairs (CP^XP- 7 " 1 ). Moreover, the map a is constructed as a factorization of px, so the 
diagram does commute. □ 

Remark 10.2. It is necessary to record certain standard facts about cell decompositions and 
their implications for the polyhedral product complexes Z[K\ (CP 00 , CP J_1 )). The classical 
example of C. Dowker [9], shows that some care is needed. 



Let J = (ji,j2, ■ ■ ■ ,jm) be as above and fix N > ji — 1, i = 1, 2, . . . , m. For o~ G K, 
consider the space 

(10.1) D N (a) = f\W i , where W { = I ^f" . * 

v 7 f=i \ <£P H if ie[m]- a. 
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The compact spaces CP N and CP j!_1 , i = 1,2, ... ,m are each assumed to be given the 
CW decomposition with one cell in each even dimension up to the top. This induces a cell 
decomposition of the product D N (a), with each cell homeomorphic to a product of cells of 
even dimension, each in one of the spaces Wi. The compactness implies that the product 
topology and compactly generated topology agree. 

Consider now the spaces D(cr), iO , in Z(K; (CP 00 , CP 7 " 1 )): 

m I (PP°° if 7 c. rr 

(10.2) D(a) = l[W t , where W t = { ]? ^ 

I CP Jl if 2 G [mj — a. 

The spaces .D(er) are each a colimit, over increasing N, of the spaces D N (a). The co limit is 
via compatible inclusions and so each space D(o~) inherits a CW structure with cells in even 
dimension. Finally, 

Z(K; (CP^XP^ 1 )) = |J D{a) 

is a finite colimit of spaces which have compatible cell structures on intersections, so inherits 
a cell structure with cells concentrated in even dimension. 

From these considerations follows the next lemma. 

Lemma 10.3. The inclusion of the subcomplex Z(K; ( CP 00 , CP * 7 " 1 )) C BT m induces an 
surjective map 

H*(BT m ;Z) — > H*(Z(K; (CP 00 , CP 7 " 1 )); Z). 

Let l J K be the ideal in Z[vi,v 2 , ■ ■ ■ ,v m ] described in Theorem 14.21 It is generated by all 
monomials v^v 3 ^ ■ ■ -v^ corresponding to minimal non-simplices {% , fj 2 , . . . ,V{ k } of K. 

Definition 10.4. Let K be a simplicial complex on m vertices and J = (ji,j2, ■ ■ ■ ,j m ), a 
sequence of positive integers. The ring Z[v\, v 2 , ■ ■ ■ , w m ]/ij£ is called the J-weighted Stanley- 
Reisner ring of K and is denoted by the symbol SR J (K). The space Z(K; (CP°°, CP 7 " 1 )) 
is called the J-weighted Davis- Januszkiewicz space and is denoted by T>d J (K). 
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Theorem 10.5. There is an isomorphism of rings 

H*(Z(K; (CP 00 , CP 7 " 1 )); Z) — > Z[ Vl ,v 2 , . . . , v m }/l J K . 

Proof. The proof is a modification of the inductive argument from [TJ, (Theorem 4.8 and 
Lemma 4.9), where the authors compute H*(T>S(K)]Z). Consider first K = A m_1 an 
(m — l)-simplex. The Borel fibration in this case is the disc bundle 

m 

(10.3) D 2d( - J) ^ ]\D 2 ^ — y ET m x r ™ Z(A m " 1 ; (^ 2J , i S 2J_1 )) — > BT m 

i=i 

and the associated sphere bundle is 

m 

(10.4) 5-2<J)-i ^ a(n^ 2jl ) — ► x Tm Z(d(A m ^ 1 ); (D 2J , S 2 - 7 " 1 )) — ► BT m . 

i=i 

Since T m acts diagonally, (I7.3p . the vector bundle associated to (110. 3p is a sum of complex 
line bundles j\L\ © j 2 L 2 © • ■ ■ © j m L mi where L t is the line bundle having first Chern class 
given by Ci(Lj) = G H 2 (BT m ; Z). The Euler class of this bundle is given by the Whitney 
formula 

(10.5) c d{ j ) (j 1 L 1 ®j 2 L 2 ®---(Bj m L m ) = <<---< m e H 2d ^ J \BT m -Z). 
The associated Gysin sequence is 

(10.6) ► H^ 2 ^- 1 (ET m x Tm Z(d(A m ~ 1 ); (D 2J , S 2J - 1 ))) — )• H k (BT m ) '-^ 

H k + 2d ( J \BT m ) — -> H k+2di - J \ET m x Tm Z{d{A m ~ 1 )] {D 2J ,S 2J - 1 ))) ->• • • • 

The sequence implies that for if = <9(A m_1 ), the kernel of the surjection 

H*(BT m ;Z) —^H*(Z{K; (CP 00 , CP" 7 ' 1 )); Z), 

is exactly the ideal in Z[f 1; t> 2 , . . . , t> m ] generated by all monomials v^v^ ■ ■ ■ vf™ , showing 
that Theorem 110.51 holds for equal to the boundary of a simplex. 

Suppose next that if = {{t>i}, {^2}, • • • , {f m }} is a discrete set of m points. In this case 
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Z(K°; (CP 30 , CP 7 " 1 )) ^ \J\¥i C (CP°°) m 

i=i 

where 

W 7 ", = CP jW x ■ • • x CP il - 1_1 x CP 00 x CP jl+1_1 x ■ ■ • x CP Jm_1 . 

Notice that the composition W t — Y Z(K°; (CP 00 , CP J_1 )) — ► (CP°°) m , factors the natural 
inclusion Wi — Y (CP 00 )" 1 . This implies that all monomials of the form 

are non-zero m H*(Z(K°; (CP 00 , CP 7 " 1 ))) for all i and k. On the other hand, the inclusion 
{{fj}, {%}} ^ K°, is an inclusion of a full sub-complex for each pair {i, k}. The conclusion 
of [8j Lemma 2.2.3] implies now that for J = (ji,jk), the induced map 

Z{{{vi}, K}}; (CP°°,CP J - 1 )) — ► Z(K°; (CP°°, CP 7 " 1 )) 

is a retraction. Since {{fj}, {vk}} is the boundary of a simplex, the previous result implies 
that vfv{ k = in H*(Z(K°; (CP 00 , CP 7-1 )); Z). So, Theorem QJT5] holds for K equal to a 
discrete set of m points. 

Consider now any simplicial complex K of dimension n — 1 on m vertices {t>i,t>2, . . . ,v m } 
and suppose that the conclusion of Theorem 110.51 holds for the (n — 2)-skeleton K n ~~ 2 . The 
complex K = K n ~ x will be constructed by attaching one in — l)-simplex A n_1 at a time 
to K n ~ 2 . Let {vi x ,Vi 2 , . . . ,Vi n } be the vertices of the full-subcomplex d(A n ~ 1 ) C K n ~ 2 and 
Wi, Vk 2 , ■ ■ ■ , Vk m _ n } the complementary set of vertices in {t>i, t> 2 , . . . , v m }. Corresponding to 
these sets, define sequences J' = (ji^j^, . . . ,j in ) and J" = {j kl ,jk 2 , ■ ■ -Jk m - n ), so that J is 
the amalgamation of J' and J". 

Again, [8j Lemma 2.2.3] implies that 

z(d{^ n - 1 )- (cp^cp- 7 '- 1 )) — > z(k™- 2 ; (cp^xp- 7 ' 1 )) 



is a retraction. It follows that there is an isomorphism of groups 
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(10.7) H*(Z(K n - 2 ; (CP^XP^ 1 ))) = A* © H*(Z(d(A n ~ 1 ); (CP°°,CP J '~ 1 ))), 
for some graded group A*. Recall next, that from the colimit description, 

(10.8) Z(K n - 2 U A"' 1 ; (CP 00 , CP J ~ 1 )) = Z(K n ~ 2 \ (CP 00 , CP" 7 ' 1 )) U D(A n ~ l ) 
where, as in ( 16. ip . 



CP 00 if i E A"- 1 
CP jW if i e [ml - A™" 1 . 



^(A™- 1 ) = Y[Y h where ^ = 
i=i 

Notice that in the notation J' and J" above, up to a rearrangement of factors 

in 

DiA 11 - 1 ) = B x Yl CP 00 . 

s=ii 

where B = CP Jfc i x CP jk z x • ■ ■ x CP jk ™- n . Now since <9(A n_1 ) is a full sub-complex of 
K n ~ 2 , the union in ( I10.8|) is along the subspace 

(10.9) Z(d(A n - 1 )- (CP 00 , CP 7 '- 1 )) x B 

(cf. [12l Corollary 3.2]). On making the identification (110. 7p and noting that everything is 
concentrated in even degree, the Mayer- Vietoris sequence associated to ( 110. 8p becomes 

— ► H 2k (Z(K n - 2 UA n - 1 ;(CT°°,CP J - 1 ))) 

[A 2k © H 2k (Z(d(A n - 1 )-(CP°°XP J '' 1 )))] © H 2k (Bx JJCP°°) A 

s=ix 

H 2k {Z(d(A n ~ l ); (CP 00 , CP- 7 '" 1 )) x B) — ► 
where ip is induced by restriction and <ft by the difference in restrictions to the intersection. 
The space f\ CP 00 is not in the intersection (110. 9ft and so the class 



G H*(f[CP°°) 



maps to zero under 0. Finally, regarding H*(Z(K n ~ 2 UA n ~ 1 ; (CP 00 , CP 7 ' 1 ))) as a quotient 
of H*(BT rn ), as in Lemma 110.31 it follows that, the relation v^v^ ■ ■ ■ v \ %n = given by 
the induction hypothesis, is removed from H*(Z(K n ~ 2 ; (CP°°, CP" 7-1 )); Z), and results in 
a description of the cohomology ring H*(Z(K n ~ 2 U A"- 1 ; (CP 00 , CP' 7 " 1 ))) consistent with 
Theorem 110.51 This completes the inductive step and the proof. □ 
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11. Generalized moment- angle complexes and the cohomology of M(J) 

The computation of H*(M 2n ; Z) in [7J is generalized to recover Theorem 14.21 directly from 
the results of the previous section. Traditionally, ([7], [6]), the canonical diagram of fibrations 



kerA(J) 



£(kerA(J)) 



► 5(kerA(J)) 

BT d(j) 

B(A(J)) 



]J 2 



Z(K(J);(D 2 ,S 1 )) ► ET d ^ x T d(j) Z(K(J); (D 2 ^ 1 )) 

M(J) ET d{J)-m+n XTd(J) _ m+n M(J)) 

is used, in conjunction with the Serre spectral sequence of the fibration in the bottom row, 
to obtain the standard description of H*(M 2n ; Z) given by Theorem 14.11 

The more condensed calculation in Theorem 14.21 is obtained by considering instead the 
homotopy commutative diagram of fibrations 



kerA(J) 



£(kerA(J)) 



11.1) Z{K-{D 2J \S 2J - 1 )) ► ET m x Tm Z{K-{tf 2J ,g ZJ - 1 )) BT 



M{J) 



ET n x T n M(J)) 



-> 5(kerA(J)) 



2J C 2J-1\\ Pi 



P2 



In the diagram, r is the map given by Theorem 19.21 and the map s is determined by (19. 4ft . 
The equivalence q is a consequence of the splitting, T m = ker A (J) x T n as topological 
groups and the fact that kerA(J) acts freely on Z(K; (D^ J , >S 2J_1 )). 



Theorem 110.11 allows the replacement, up to homotopy, of the fibration along the bottom 
row of the diagram with 



;n.2) 



M(J) — ► Z(K; (CP 00 , CP" 7 " 1 )) BT n . 
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These observations allow for an alternative approach to the calculation of Theorem 14.21 



Theorem 11.1. There is an isomorphism of rings 

H*(M(J);Z) — ► H*(Z{K; (CP 00 , CP J ~ 1 )); Z)/L, 

where L is the two-sided ideal generated by the image of the map p* . 

Proof. In the Serre spectral sequence associated with f lll.2p . all groups are concentrated in 
even degree. This is true for H*(M(J); Z) because M(J) is a toric manifold by Theorem 13. II 
and, for H* (Z(K; ( CP 00 , CP J ~ 1 )); Z) , by Theorem 110.51 The spectral sequence collapses. 
The E^-term is given by 

H*(M(J)) <g) H*(BT n ). 

It follows that H*(M(J)) is the quotient of H* (Z(K; (CP 00 , CP 7-1 ))) by the two-sided ideal 
generated by the image of p*. □ 

It remains to identify the ideal L in Theorem 111.11 With reference to the right-hand 
bottom square in diagram flll.ip . the map p* is the composition (a -1 )* o (p* o s*), where 
the map a is the equivalence of Theorem 110.11 So, the image of p* is the image of the 
composition 

H*(BT n ) — H*(BT m ) > SR J {K) 

£~j r*j rsj 

Z[u 1 ,u 2 ,...,u n ) ► Z[vi,v 2 ,...,v m ) ► Z[vi,v 2 ,...,v m ]/Ij c . 

This is specified by f)9.4p and generates the ideal L M of Theorem 14.21 determined by the 
rows of the original matrix A. So, L = Lm and Theorem 111. II becomes 



OPERATIONS ON POLYHEDRAL PRODUCTS 



32 



(11.3) H*(M(J);Z) = Z[v 1 ,v 2 ,...,v m }/(lf < + L M ), 

recovering Theorem 14. 21 completely from the topological point of view of generalized moment- 
angle complexes. 

12. Nests 

Let J = (ji, j 2 ■ ■ ■ ,jm) an d L = l 2 , . . . , l m ) be sequences of positive integers. Define 
an ordering on such sequences by putting J < L if j; < 1^ for all i and, for at least one 
k G {1,2, ... ,m}, jk < Ik- If J < L the inclusions D 2 ^ C D 2li induce an equivariant 
embedding 

Z(K; {D 2J , S_ 2J1 )) C Z(K;(jJ lL ,SP L - 1 )) 
and, consequently, an embedding (: M(J) — > M(L). The next proposition follows easily. 

Proposition 12.1. For J < L, the normal bundle of the embedding ( is 

m 

(12.1) 0&-jiK 

1=1 

where on is the line bundle over M(J) with first Chern class Cj(aj) = Vi, the class from the 
cohomology description (111.31) . Moreover, the induced map 

i* : H k (M(L); Z) — ► H k (M(J); Z) 
is an epimorphism which is an isomorphism for k = 2. 

Proof. Diagram (111.11) implies that the diagram below commutes up to homotopy. (Notice 
here that the rows are not fibrations up to homotopy.) 

M(J) — ET m x Tm Z(K;(D 2J ,S 2J - 1 )) BT m 

C C 

M(L) — ET m x T m Z(K](ti 2L ,£P L - 1 )) 5T m . 
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Theorems 110.11 and 110.51 imply that £ is onto and the Serre spectral sequence part of the 
proof of Theorem 111.11 shows that i* is onto. This implies that (* is onto too. The first part 
of the proposition follows from the fact that each canonical bundle Li over BT m pulls back 
to the bundle liCii over M(L) and to j'jOjj over M(J). □ 

A nest of toric manifolds is constructed from a toric manifold triple (P n , M 2n , A), an initial 
sequence Jo = (1, 1, ... , 1) with m entries corresponding to the number of facets of P 2n and 
a sequence Jo < Ji < -h < • • • with the property that d(J i+ i) = rf(Jj) + 1. (The symbol 
d(J) is defined at the end of Section [2]). 

Proposition 12.2. Given a toric manifold (P n , M 2n , A) and a sequence J < J± < J2 < • • • 

as above, there is a nest of toric manifolds, 

M 2n = M (Jo) C M{J X ) C • • ■ C M(J k ) C ... 

where d{Jj) = m + i, the dimension of M(Jj) is 2n + 2i and M( J») C M(Jj + i) is a 
codimension-two embedding. Furthermore, there is a sequence of epimorphisms 

H k (M 2n ;Z) 

which are isomorphisms for k = 2. □ 

Problem: Beginning with a toric manifold (P n , M 2n , A), find invariants, possibly in terms of 
A, which will detect diffeomorphic, (homotopic), manifolds in nests corresponding to different 
sequences Jo < J\ < J2 < • • ■ • 

— x — 



H k (M(J i )-'L) — ■» JJ fe (M(J_ 1 );Z) 
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